Bond Fukui functions and matrices are introduced for ab initio levels of theory using a Mulliken atoms in molecules model. It is shown how these indices may be obtained from first order density matrix derivatives without need for going to second order density matrices as in a previous work. The importance of taking into account the non-orthogonality of the basis in ab initio calculations is shown, contrasting the present results with previous work based on Hückel theory. It is shown how the extension of Fukui functions to Fukui matrices allows getting more insight into the nature of bond Fukui functions. All presently introduced indices respect the necessary normalization conditions and include the classical single atom condensed Fukui functions.
Chemical reactions are usually accompanied with a reorganization of the chemical bonds in the molecule. Here, Fukui functions are introduced to describe changes in chemical bonding under removal or addition of an electron using only first order density matrices and yielding atom condensed Fukui functions by straightforward integration.
INTRODUCTION
One of the main ambitions in chemistry is not only to be able to synthesize virtually any molecule and to be able to test its performance for some purpose, e.g. as a cure for a disease, but also to be able to predict the properties of a molecule prior to its synthesis.
One of the most important properties of a molecule relates to its reactivity. Although many different categories of reactivity may be defined, depending on what property governs it, a particularly interesting approach to examining reactivity relies on studying the energy 
(
Its power lies in the fact that one can assess regioselectivity of a reaction without need for modeling the chemical reaction itself. That is, places in the molecule that have a large value for the Fukui function are more likely to undergo a reaction involving a change in the number of electrons. In the perturbative perspective on chemical reactivity within cDFT 3 , it is the first r dependent term in the Taylor expansion (1) in terms of changes in the number of electrons and the external potential. Equation (2) clearly shows that it is a second order derivative and the first r dependent term beyond the electron density (assuming that the first order derivative of the energy versus the external potential is the electron density, i.e. a non-degenerate state 4 ). The Fukui index has been used on numerous occasions and its
properties have been scrutinized in detail. Several authors suggested different approaches towards their calculation beyond finite differences 8, 9 . In finite differences, the Fukui function is computed using the electron density of a molecule with N electrons and that with N ± δ electrons and the difference divided by δ is considered to be the Fukui function. Most often δ is simply taken to be one for computational convenience. This is usually approximate, although in an exact theory it is exact 10,11 and so we continue to use finite differences also in the present work (note: in Hartree-Fock and DFT theories, the theoretically expected and correct piecewise linear relation between energy and number of electrons is violated 12, 13 
METHODOLOGY Theoretical derivation
Let us consider a molecule with a non-degenerate ground state for the neutral system. From first order perturbation theory, the non-degenerate ground state allows us to write equation
The Fukui function was recently extended to a matrix by Bultinck et al. 14, 15 to give
where ρ(r, r ) is the first order density matrix. Note that due to the discontinuity in the E versus N relationship, one needs to distinguish two Fukui functions, namely a limit to the left and to the right 2 . For the theoretical development, in order not to overload notation, we will not indicate this difference. We further assume real functions only as an extension to complex functions is simple, yet also overloads notation. When due, which side limit has been used for the Fukui function will be indicated by a superscript + (adding an electron, producing a negative ion) or − (removing an electron, producing a positive ion). Likewise, when considering spin separated Fukui functions, an α or β superscript will be added.
Following Gonzalez-Suarez et al. 25 , we use a Mulliken type approach 19, 27, 28 for distinguishing the atom in the molecule. Introducing the density matrix P expressed in terms of the basis functions and using S to denote the overlap matrix over these same functions and
where N denotes the total number of electrons in the molecule. We can divide the density matrix in position space in biatomic parts by restricting the summations in the following way, ρ (r, r ) = AB µ∈A ν∈B
= AB ρ AB (r, r ) .
The quantities
are known as bond indices in the McWeeny-Mulliken sense 29, 30 .
One can define a bond index based Fukui matrix and function as
Note that this means an arbitrary choice was made to first perform the condensation of the density matrix in basis function space to atoms in molecules, followed by integration. As shown by several authors 20, 31, 32 , this is not automatically the same as when first considering the derivative for the entire molecule and then condensing it by application of weight functions. The effects of this difference, which were already hinted at by Yang and Mortier 18 , were studied in detail by Bultinck et al. 20 where it was also pointed out that for Mulliken based quantities there is no difference between both approaches.
Combining equations (7) and (9), the Fukui matrix for a combination AB of atoms can be expressed as
or in condensed form,
The overlap matrix S is independent on the number of electrons, however P is. Elementary calculus gives
This is the point where the main difference occurs with the works of the Contreras group.
24-26
Their approach, originally developed at the Hückel level of theory 26 . This
obviously results in problems with normalization.
The use of a finite difference scheme for the derivative with respect to N ,
leads to a simple expression for the derivative of matrix P ,
Here n N i and C N µi are the natural occupation numbers and natural orbital expansion coefficients of the species with N electrons. Also it is assumed that the basis set is the same for both species. Substitution in equation (12) leads to
The set of F AB gives rise to both diagonal and off-diagonal terms, i.e.,
A single atom Fukui function may be obtained through summation,
When reporting data in tabular form in the results and discussion, we will rather use as generic expression Obviously, other definitions for the atom in the molecule may be used, although for several of these methods significant issues appear related to the order in which operations have to be carried out 20 . Given these extra issues, an in-depth discussion of bond Fukui functions using 3D space based methods will be reported elsewhere.
Returning to the Fukui matrix for AB in equation (4), one can just, as for density matrices, express it in terms of Fukui orbitals Φ a (r) and Fukui eigenvalues η a 14,15 ,
The Φ a (r) form an orthonormal set that can be again expressed in terms of basis functions, allowing again a Mulliken decomposition 27, 28 . So, besides a total AB condensed Fukui 
with d
νa the expansion coefficient of basis function ν in Fukui orbital a based on the α or β density matrix for removal of an electron. The Fukui orbital in itself is due to the diagonalization of a linear combination of natural orbitals of the neutral molecule and the charged species, if following Bultinck et al.
14 , which therefore allows for trivial expression in terms of the basis functions. 
where C µ,F M O is the coefficient of the basis function µ in the FMO. Note that at the single determinant level of theory, given that C † SC = 1, one also trivially finds that
This is again not the case in the work by Contreras and co-workers at the DFT level of theory 24, 25 , due to the non-appearance of the overlap matrix S. As we will show below, it is more informative to use as a single orbital the dominant Fukui orbital (the Fukui orbital with the highest eigenvalue) rather than the frontier molecular orbital of the neutral molecule.
The reason is that, although in most cases this dominant Fukui orbital is nearly purely the frontier molecular orbital, one can capture easily also (part of) the relaxation effects 
σ=α,β µ∈A ν∈B
Note in the last equation, P N ±1,σ is the σ spin density matrix, as for bond indices involving open shell systems, one needs to consider separately the exchange interaction of α and β electrons 37 . In other words, the second order Fukui function as in the above is the change in the Wiberg-Giambiagi-Mayer 38-40 bond order separated in the two spin parts. The essential difference between our method derived above and theirs is thus that we rely solely on the first order density matrix at any level of theory, whereas they invoke the second order density matrix. Alternatively, our approach is similar to the one by Contreras and co-workers, although that is derived differently and does not take into account overlap between basis functions when due and thus does not satisfy normalization conditions for the Fukui function.
Below the different approaches will be compared and differences pointed out.
Computational methods
In order to test the above formulae, calculations have been performed, using Gaussian03 41 , at the B3LYP 42-44 DFT level of theory with the Cartesian 6-31G(d) 45 basis set . Based on the data contained in the formatted checkpoint files, we computed the Fukui matrices (9) for the set of ethylene derivatives studied by Gonzalez-Suarez et al. 25 . All molecular geometries were optimized at the same level of theory starting from the geometries supplied by the authors. Diagonalization of the Hessian confirmed all structures to correspond to minima.
In some cases the default initial guess for the DFT calculations did not result in the lowest energy singlet state. In that case, starting from a new guess, geometry optimization was performed followed by a renewed evaluation of the stability. For the molecular anions and cations the geometry of the neutral molecule was used. The stability of the resulting solution of the Kohn-Sham equations was checked and if necessary the lower solution sought within doublet spin. We used DFT density matrices based on the Kohn-Sham orbitals, despite the fact that the wave function does not have the same theoretical meaning as in e.g., Hartree-Fock theory. Nevertheless, we opted for a level of theory also used by Gonzalez-Suarez et al. 25 to maintain maximal comparability with their data. We did not opt for HartreeFock calculations at the same level as those used by the authors as often the wave function was unstable and for e.g. nitroethene the Hartree-Fock level provides a particularly poor description of the electronic structure 46 . The bond Fukui functions were computed using a finite difference approach using both the entire density matrix according to equation (15) and for a FMO approximation as in equation (22). Fukui matrices were obtained as described earlier 14 , expressing the density matrices for both the neutral and charged molecule in terms of the orthonormal set of molecular orbitals obtained from the neutral state calculation. This allows for an alternative way of computing bond Fukui functions, with the added advantage that one can establish in which Fukui orbital each bond AB has the biggest contribution.
Using a Mulliken reformulation of the second order Fukui function [21] [22] [23] (see equation (24)),
we also computed these values for comparison. Note that because of the integer discontinuity in the energy versus the number of electrons, one needs to considered two Fukui functions depending on whether it reflects an increase in the number of electrons or a decrease. When considering Fukui matrices, a further split is made between an α and β part.
RESULTS AND DISCUSSION

Bond Fukui functions
Using the data set of Gonzalez-Suarez et al. 25 , albeit using the set of ethylene derivatives only, the bond Fukui functions were computed according to the different approaches presented above.
The set of molecules is shown in figure 1 and the computed data are shown in tables 1 and 2. F AB is the AB condensed Fukui function between atoms A and B as defined by in equation (19) . (24). Tables 1 and 2 give respectively the data for removal of an electron and addition of an electron. Although all values for all A or AB are computed in one single run, we limit reporting the data to only those values reported in reference 25 as the focus lies on the study of the added information provided using the newly introduced indices.
The first set of data corresponds to equation (19) , including all orbitals, so not just the frontier molecular orbitals. The need to include the latter is a consequence of the fact that, 
Bond Fukui matrices
Despite that DFT does itself not attach meaning to density matrices based in a Kohn-Sham sense on orbitals from an (exact) single Slater determinant for a system of non-interacting electrons, we report for the first time atom and bond Fukui matrices as the same reasoning can be applied to other ab initio levels of theory, including those where the wave function does carry a deeper meaning. As described previously 14, 15 , one can introduce a Fukui matrix as the derivative of the first order density matrix. Expressing this in terms of an orthonormal basis, the resulting matrix can be diagonalized and eigenvectors and eigenvalues examined.
As described previously 14, 15 and independently confirmed later by Alcoba et al. 33, 34, 47 is not exactly the same as the FMO due to the orbital relaxation. Moreover, although at the molecular level, the pairing of eigenvalues ±x is manifest, this is no longer the case at the atom and bond level. Table 3 • In agreement with previous results 14, 15 , the non-zero Fukui eigenvalues η a come in pairs ±x with the exception of one unity β eigenvalue(in the ions we assume that there is one α electron more than the β electrons).
• As the electron removed has β spin, the sum of η −,α a equals zero whereas the set η −,β a sums to 1 exactly.
• The values a Φ −,α 1−2 are not zero and do not show any special structure, as opposed to the Fukui eigenvalues. Moreover, the sum a a Φ −,α 1−2 does not equal zero either. This means that the α block contributes significantly. In the present molecule, it contributes roughly one third of the total, which is certainly significant.
• The signs of a Φ −,α 1−2 and a Φ −,β 1−2 show no structure.
• Due to the multiplication with the eigenvalues η −,σ a with σ = {α, β}, there is a tendency that a Φ −,σ AB is bigger for Fukui orbitals with higher η −,σ a , however it cannot be claimed in general that the highest a Φ −,σ AB always occur for a pair AB in the dominant Fukui orbital. This may be somewhat counterintuitive but is simply the nature of the underlying algebra. As an example, the most positive values in the set of data occur for the dominant Fukui orbital (the orbital with unity eigenvalue) and for the fifth most negative α Fukui orbital.
• All traces are respected and 
CONCLUSIONS
We have shown that a bond Fukui function may be introduced starting from the first order density matrix without neglect of basis function overlap and allowing for the usual atom condensed Fukui functions to be retrieved through simple summation from the bond Fukui functions. A simple set of algebraic manipulations suffices to obtain all these quantities and it is suggested to always follow this path. Instead of using a frontier molecular orbital approximation, it is suggested that, if it is desired to base the reasoning on a single orbital, to base all reasoning on an analysis of the dominant Fukui orbital.
Contrary to earlier works, the presently introduced bond and atom condensed Fukui functions respect all normalization conditions. Moreover, atom and bond Fukui matrices can be obtained and their analysis provides more insight into the nature of Fukui functions.
Although all derivations have been performed using a Mulliken setup for the atom in the molecule, the entire procedure can also be performed using other AIM methods, provided judicious choices of the order of different mathematical operations. Such derivations will be reported elsewhere.
We stress that although other Fukui function like quantities may, at first glance or even beyond, serve to explain some observed reactivity, the presently introduced indices stay closest to the original perturbative approach to explain chemical reactivity based on a Taylor expansion of the energy, using as little as the number of electrons and external potentials as variables, and optionally using a Kohn-Sham density matrix when not working in a wave function based theory.
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